Let A be a complex Banach algebra with unit e of norm one. We show that A can be represented on a compact Hausdorff space Cl which arises entirely out of the algebraic and norm structures of A. This space induces an order structure on A that is preserved by the representation. In the commutative case, Cl is the spectrum of A, and we have a generalization of Gelfand's representation theorem for commutative complex Banach algebras with unit. Various aspects of this representation are illustrated by considering algebras of n x n complex matrices. This paper is a revised and expanded version of the unpublished work [8] by the first author.
if K(A) + iK(A) = K, then A = H(A) + iH(A)
, and hence [6] A is a C*-algebra. Conversely, if A is a C*-algebra, then A = #04) + iH(A) and also (see, for example, [3, Proposition 2.9.1, Theorem 2.9.5]) M = extB, so that K B = KanA, ifxeK, then x = y+iz (y, zeH(A)), which gives, for all / in B, f(y) = Re/(x) ^ 0, /(z) = Im/(x) ^ 0, and so
K E K(A) + iK(A). Thus ^ is a C*-algebra if and only if K(A) + iK(A) = K.
The set M also arises in a somewhat different context. In connection with the notion of numerical ranges, F. F. Bonsall [2] considers the subset of B given by D -{fsB : Lj-is an m.l.i. of A}, where J x being the principal left ideal generated by x. It is easy to show that M = D. We remark that the definition of M is more direct than that of D.
Since 0 £ S, C" and ^' are cones; C" is contained in the set of all those functionals/which support the unit ball at e; the intersection of the associated hyperplanes ({JC :f(x) = | | / | | = /(e)}) is {e} (Bohnenblust and Karlin [1] ), that is, e is a vertex of the unit ball.
The set S' = co {Su(-/S)} is a w*-compact base for K'. Since w*-convergent nets are norm bounded and S, S' are w*-closed, it follows that such nets in C" or K' are contained in suitable nonnegative multiples of S or S' which are evidently w*-closed and therefore contain the limits of these nets. Thus C" and K' are w*-closed. Excepting M, the sets discussed so far are also norm-closed. Using the facts that e and ie are in K ( § 2), it can be shown that C and K' are also normal. It is clear that K+K^K and XKs K for all A ^ 0, that is, K is a wedge. Here, in letting K' induce K, we are following the definitions of H. H. Schaefer [7, p. 214 ]. Re/(«+x) = f,{e) +f 2 (e) This shows that K contains the w-translate of the unit ball. Therefore u is in int K (interior of K); hence it is an order unit, and K generates A.
It is easy to see that, if txu-xeK for all a > 0, then -x e K , so that K induces an Archimedean ordering denoted by £ .
If xe int K, then x-Xue Kfor some A > 0; hence, from (1) and (4) For each xeA, the set x{M) = {/(x) : / e M } contains the set ff,(x) = {XeC : x-Xe is not left regular}, which may be called the left spectrum of x, and which, in the commutative case, is the spectrum of x.
Since ie e K and -e = (/e) 2 £ K, K is not closed under multiplication; in contrast, KungFu Ng [5] obtains representation theorems for Banach algebras with given cones closed under multiplication.
If x is in every m.l.i., then/(x) = 0 for all / i n M, so that, by (2) above,
3. Two seminorms on A and their properties. Since u is an order unit for A and (therefore) for A o , the underlying real space of A, the following is an order unit seminorm on A o :
Since the ordering is Archimedean, this seminorm is a norm on A o if and only if A" is a cone. For the same reason, the || || u -unit ball is the order-interval [-u, u] . Since K contains the w-translate of the unit ball, ||x|| u g ||x||, so that [-w, M] contains the given unit ball.
Since fi is w*-compact, the usual embedding of A into C(Q) and the restriction of the sup norm to A, yield the following function seminorm on A:
Here Q may be replaced by M or S. Tkis is a norm if and only if K' -K' is w*-dense in A', which is so (by property (2) of the wedge K) if and only if AT is a cone. We also have || x || n | |x||, for all x in A. However, unlike the order unit seminorm, the function seminorm is absolutely homogeneous for complex scalars. 
The Representation Theorem.

THEOREM. Let A be a complex Banach algebra with unit e of norm one and let the sets defined in § I be constructed. Then there is a mapping <j> from A into C(Q) such that (a) <f> is a continuous linear homomorphism from A to a subspace of C(Q); (b) with respect to the cone P of functions in C(Q) with nonnegative real and imaginary parts, the homomorphism <p is also an order homomorphism; (c) the homomorphism <f> is an isomorphism if and only ifK is a cone; (d) if K is a cone, then <j> is a homeomorphism if and only if K is normal.
Proof Let (j> be the evaluation mapping of A into C(Q); i.e., let (p(x) = x, where x{f) =/(jt). Then use the fact that || • || n ^ || • || to establish that </ > is continuous and hence that (a) holds. Remark. If A is commutative, then M is precisely the set of nonzero multiplicative linear functionals, which is w*-closed, so that M = Q. The evaluation mapping reduces to the Gelfand transform and we thus have a generalization of Gelfand's representation theorem.
5. Examples. These are drawn from the algebra E = M n (C) of all n x n (n ^ 2) complex matrices. It can be considered as the space of linear operators on C , the space of «-tuples of complex numbers.
In what follows, an element of E will be denoted either by its entries or by its column vectors enclosed within square brackets. Thus •., b n a n d / = (py) denotes an arbitrary element of E', the algebraic dual of E; unless the contrary is stated, the indices range from 1 to n.
One can verify that the operator norm on E induced by the maximum modulus norm on C , its dual norm, and/(x) are given by Z Z y u i j With respect to this norm, £ is a noncommutative Banach algebra with unit / (the identity matrix) of norm one.
The maximal left ideals (m.l.i.) of E are its principal left ideals generated by elements of rank ( n -1 ) (see, for example, [4] , pp. 230-231). These generating elements can be chosen in " row-reduced echelon form " as follows:
r where the unit basis vectors e { are regarded as column vectors, l g (^j^n -l , and a,eC. In Propositions 3,4, and 5 below, we show that certain properties of the set M which hold in commutative complex algebras are not true in general. The assertion follows by proving that each g t determines and belongs properly to a convex subset of B, each element of which annihilates the same m.l.i.
It is enough to consider g u for which a x = 1 and | a, | = 1 (2 ^ t S «)• Define A, by A x = (l/a n ), A, = A t aj (2 ^ / ^ n -1 ) , and A n = 1. Thus | X, \ = 1 for all i. The following are n elements of extB (the set of extreme points of B): f r = X7\X,e r ,X 2 e ,A n e r ] (r = 1, 2 , . . . , n).
The element Hence the representation of E on fi is an isometric order isomorphism of E into C(Q) and AT is a normal, closed, generating cone. Remark. This example corrects the oversight in [6] by which it was assumed that M is independent of all equivalent Banach algebra norms p such that p{e) = 1. This oversight made it appear that K is a cone if and only if A has no nonzero topologically nilpotent elements. Clearly, E = M n (C) has such elements and we have seen that the wedge K (above) is a cone.
